Deterministic and Stochastic Research of Cubic Population Model with
  Harvesting by Gültekin, Özgür et al.
Deterministic and Stochastic Research of
Cubic Population Model with Harvesting
Özgür Gültekin,1, 2, ∗ Çağatay Eskin,3, † and Esra Yazıcıoğlu1, ‡
1Mimar Sinan Fine Arts University, Deparment of Statistics, Istanbul 34427, Turkey
2Mimar Sinan Fine Arts University, Department of Mathematics, Istanbul 34427, Turkey
3Middle East Technical University, Department of Physics, Ankara 06800, Turkey
A detailed examination of the effect of harvesting on a population has been carried out by ex-
tending the standard cubic deterministic model by considering a population under Allee effect with
a quadratic function representing harvesting. Weak and strong Allee effect transitions, carrying
capacity, and Allee threshold change according to harvesting is first discussed in the deterministic
model. A Fokker Planck equation has been obtained starting from a Langevin formulation, subject
to Gaussian white noise with zero mean. This allowed to calculate the stationary probability dis-
tribution of population size, and thus discuss the effects of harvesting for a population under Allee
effect, subject to Gaussian white noise.
I. INTRODUCTION
Population dynamics have a wide range of applica-
tions beyond the limits of ecology and biology [1–4].
For example, theoretical and practical tools for popu-
lation dynamics in different fields such as astrophysics
and plasma physics are utilized [5, 6]. An important
phenomenon in terms of the consequences of intraspe-
cific cooperation in a population is the Allee effect.
Allee effect was first described by Warder Clyde Allee
in the 1930’s [7, 8]. Despite its long history, it is still
a current research topic in the fields of evolutionary
biology and genetics [9–12]. Allee effect is a positive
correlation between population density and mean in-
dividual fitness [13–15]. If population always goes to
extinction for average population size values below a
threshold value, this is strong Allee effect. In the ab-
sence of such a critical average population size, if the
Allee effect is observed although the per capita growth
rate of population remains always positive, this is de-
fined as weak Allee effect [13].
Although there are studies considering the harvest-
ing effect in deterministic population models for a sin-
gle species [16, 17], the harvesting effect has not been
studied sufficiently in stochastic models. When popu-
lation models are expanded to include the harvesting
effect, the systems described by the model may also
vary [2]. For example, the effects of stress, that af-
fect on individuals in population, on the average pop-
ulation size in the case of danger in the population
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can be modeled by extending the population model
with a function representing the stress effects. [18–
20]. Therefore, we think that researching extended
population models with harvesting function will pro-
vide motivation for population dynamics and various
studies that go beyond the limits of population dy-
namics.
A simple population containing the Allee effect can
be represented by a cubic model. Although determin-
istic models have pedagogical significance, they do not
produce sufficiently realistic results. Although there
are various approaches to describe the model including
stochastic properties with noise, two approaches are
basically in the foreground [21, 22]. Master equation
can be solved by using transition rates representing the
transition of a population from n individuals to n+ r
individuals [23–25]. Although there is no general solu-
tion of the master equation, a mean field equation can
be obtained [26]. Another way to obtain a stochastic
model representing the population under internal and
external fluctuations is to write a Fokker-Planck equa-
tion [23, 27]. A Langevin equation is written using the
statistical properties of Gaussian white noise and the
Fokker-Planck equation is obtained from the correla-
tion relations. In fact, the choice of the type of noise is
important. There are studies that use colored noise to
represent stochastic fluctuations [28, 29]. In this study,
we use Gaussian white noise with zero mean to discuss
the harvesting effect through an expanded stochastic
model with harvesting function. First, we expand the
cubic deterministic model with the harvesting func-
tion and carry a detailed study on the harvesting for
both weak and strong Allee effect cases. Thus, we ob-
tain the Stationary Probability Distribution (SPD) by
making a stochastic description of a population con-
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2taining the harvesting effect with the Fokker-Planck
equation. We discuss the effects of multiplicative noise
strength, additive noise strength and the degree of cor-
relation between additive and multiplicative noise on
SPD for the population model we have expanded with
the harvesting function under weak and strong Allee
effect.
II. CUBIC DETERMINISTIC MODEL
UNDER ALLEE EFFECT IN THE PRESENCE
OF HARVESTING
When the number of births per unit population is
proportional to the square of the population size, and
the Allee effect taken into consideration, a standard
model is obtained where the time change of the pop-
ulation size is a cubic function of the population size
[30]:
dx
dt
= rx
(
1− x
K
)
(x−m) (2.1)
Here, x represents the average population size at
time t, r is the intrinsic growth rate, K is the carry-
ing capacity, and m is the threshold value for popu-
lation size below which population goes to extinction.
For the model to be biologically meaningful, parame-
ters other than m must be positive. In the population
model, m > 0 should be used to describe the strong
Allee effect, and m < 0 to describe the weak Allee
effect. In addition, m < K because of the biological
definitions of parameters. This model is determinis-
tic in terms of mathematically and precisely describ-
ing the future state of the population when the initial
conditions are known. By subtracting an H(x) func-
tion, representing harvesting, from the right side of
the equation (2.1) we expand the model as follows:
dx
dt
= − r
K
x3 + r
(
1 +
m
K
)
x2 − rmx−H(x)(2.2)
When H(x) = 0, it is clear that equation (2.2)
takes the standard form in (2.1). In Fig. 1, change
of average population size over time for different ini-
tial population values is shown as carrying capacity
K = 30, Allee threshold m = 10 and intrinsic growth
rate r = 0.1 taken for a population under strong Allee
effect. Average population size always reaches the car-
rying capacity for different initial values of average
population size above Allee threshold. In addition to
this, for initial values below Allee threshold, average
population size always reaches to zero. Thus, the de-
terministic model predicts that the average population
size for each value above the Allee threshold will go to
the carrying capacity, which is an equilibrium point,
and will also go to another equilibrium point, zero, for
each value below the Allee threshold. In Fig. 2, pop-
ulation under weak Allee effect shown. In this case,
average population size, regardless of the initial value,
except that it is 0, always goes to the carrying capac-
ity, which is an equilibrium point. Fig. 3 shows the
relationship between the average population size and
the derivative of average population size with respect
to time. When dx/dt = 0 taken, average population
size values, which are the solution of equation (2.2)
defined as equilibrium points. For strong Allee effect
case, x = 0 is stable, x = m is unstable, and x = K
are stable equilibrium points.
Figure 1: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = 10.
In this case, it is clearly seen in Fig. 3 that when
0 < x < m, dx/dt becomes negative and average pop-
ulation size goes to zero but when m < x < K, dx/dt
becomes positive so that average population size goes
to carrying capacity. For the weak Allee effect case,
there are only two non-negative roots, x = 0 and
x = K.
We continue by examining the situation where
the harvesting function is represented by a constant
H(x) = H and H > 0. An interesting result here is
that in the presence of a harvesting term independent
of the average population size, weak Allee effect can
no longer be mentioned. The presence of the harvest-
ing function as a constant in the model does displace
3Figure 2: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = −10.
Figure 3: Time derivative of average population size
dx/dt as a function of x when, K = 30, r = 0.1 and
m = 10, m = −10 for strong and weak Allee effects.
not only the roots but also causes the formation of a
root above zero for the weak Allee effect case, that is,
an Allee threshold that did not exist before. This case
is clearly seen in Fig. 4.
There is now such a critical average population size
value just above zero, where the average population
size is going to zero at each initial average population
size value below this value and goes to carrying ca-
pacity for each initial value above this threshold. So,
the model now foresees an Allee threshold. As the
harvesting term grows, the value of the Allee thresh-
old increases and the carrying capacity of the popu-
lation decreases. The steady decline of the average
Figure 4: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = −10 and H(x) = 3.75.
Figure 5: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = 10 and H(x) = 3.75.
size of population means an external environmental
condition that suppresses the carrying capacity of the
population. As can be seen from Fig. 5, in the pres-
ence of harvesting term, the model that was showing
Allee effect before the addition of harvesting term, has
x(t) = 15 as Allee threshold even though m = 10.
In other words, in the model (2.2), where harvesting
term is 0, m stands as the Allee threshold. However,
expanding the model to include a fixed harvesting
term causes displacement of the equilibrium points.
Thus, m no longer represents the Allee threshold of
the model. Also, K, which was the carrying capac-
ity of the population before the addition of harvesting
4Figure 6: Time derivative of average population size
dx/dt as a function of x when, K = 30, r = 0.1,
H(x) = 3.75, and m = 10, m = −10 for strong and weak
Allee effects.
term, is no longer carrying capacity. In the presence
of a constant harvesting term carrying capacity of the
population has dropped below K. Fig. 6 shows the
change of roots in the presence of constant harvesting
term clearly. From now on even if the x = 0 is not
a root when dx/dt = 0 taken, it is biologically mean-
ingful. Because, near x = 0, dx/dt < 0, so that the
average population size value must reduce. However,
x = 0 acts as a biologically stable equilibrium since
the average population size cannot be less than zero
biologically. Therefore, mathematically, in Figures 4
and 5, the fact that the average population size is less
than zero does not have a biological significance and
is biologically interpreted as the reset of the average
population size. Fig. 7 shows the change of the car-
rying capacity of the population and Allee threshold
according to the harvesting.
We discussed the change of equilibrium points for
the weak and strong Allee effect cases with the ex-
pansion of the population model. To determine equi-
librium points, we can find positive roots by taking
dx/dt = 0 again in equation (2.2). Thus, after ex-
panding the model to include a fixed harvesting term,
we obtained the following solutions for the new Allee
threshold m
′
and the new carrying capacity K
′
as:
m′ = A sin
(
1
3
arcsinE
)
+
K +m
3
(2.3)
K ′ = A cos
(
pi
6
+
1
3
arcsinE
)
+
K +m
3
(2.4)
Figure 7: Change of Allee threshold, m
′
, and carrying
capacity, K
′
with respect to H, when K = 30, r = 0.1,
m = 10.
Where E and A given as:
E =
3
√
3
2
[
− 2
27
(K +m)
3
+
1
3
mK(K +m) +
KH
r
]
×
[
(K +m)
2
3
−mK
]−3/2
(2.5a)
A =
2√
3
[
(K +m)
2
3
−mK
]1/2
(2.5b)
We continue by assuming harvesting function to be
in the form of H(x) = H1x2+H2x . When dx/dt = 0
taken and r2(1 +m/K −H1/r)2 > 4r(rm+H2)/K ,
equation (2.2) arranged as follows and m
′
, K
′
are the
roots.
dx
dt
= (rm+H2)x
(
1− x
K ′
)( x
m′
− 1
)
(2.6)
Here K
′
and m
′
given as:
5K ′ =
K
2r
r(1 + m
K
− H1
r
)
+
√
r2
(
1 +
m
K
− H1
r
)2
− 4 r
K
(rm+H2)
 (2.7)
m′ =
K
2r
r(1 + m
K
− H1
r
)
−
√
r2
(
1 +
m
K
− H1
r
)2
− 4 r
K
(rm+H2)
 (2.8)
Figure 8: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = 10 and H(x) = 0.25x.
WhenH1 = 0, harvesting term is a linear function of
average population size. In this case, new Allee thresh-
old and carrying capacity can be calculated by (2.7)
and (2.8). Furthermore, an advantage of writing (2.2)
in the form of (2.6) is that the model represents either
the weak and strong Allee effect according to the sign
of rm+H2 expression. If rm+H2 > 0 , model repre-
sents strong Allee effect, and if rm+H2 < 0 represents
weak Allee effect. When H1 = 0 and, H2 = 0.25 Fig.
8 stands for strong Allee effect, Fig. 9 for weak Allee
effect, and Fig. 10 for relationship between the first
derivative of average population size with respect to
time and average population size. In Fig. 9, it is seen
that the harvesting term has the effect of decreasing
the carrying capacity of the population under weak
Allee effect. In addition to this, in Figure 8 it is seen
that the harvesting term has an effect of decreasing
the carrying capacity and increasing the Allee thresh-
old in the population under strong Allee effect. An
important difference between the case where the har-
vesting term is a linear function of the average size of
the population and the case where the harvesting term
is taken as a constant independent of the average size
of the population is that the weak Allee effect does
not immediately convert to a strong Allee effect in the
first case. This is clear when Fig. 10 is examined. In
Fig. 11, change of carrying capacity of the population
and Allee threshold with respect to amount of har-
vesting shown. Figures 12 and 13 show the variation
of the Allee threshold and the carrying capacity of the
population depending on the coefficients H1 and H2
for population model under strong Allee effect where
H1 > 0 and H2 > 0.
Figure 9: Average population size x(t) as a function of t
for different initial x values when, K = 30, r = 0.1,
m = −10 and H(x) = 0.25x.
6Figure 10: Time derivative of average population size
dx/dt as a function of x when, K = 30, r = 0.1,
H(x) = 0.25x, and m = −10 for strong and weak Allee
effect cases respectively.
Figure 11: Change of Allee threshold, m
′
and carrying
capacity, K
′
with respect to H2, when K = 30, r = 0.1,
m = 10.
III. STATIONARY PROBABILITY
DISTRIBUTION OF POPULATION SUBJECT
TO WHITE NOISE AND HARVESTING
In order to describe the cubic population model con-
taining the Allee effect, which we discussed in the
previous section, by stochastic approach, we write a
Langevin equation as follows:
dx
dt
=− r
K
x3 + r
(
1 +
m
K
)
x2
− (rm+H)x+ xζ(t) + ψ(t) (3.1)
Figure 12: Change of Allee threshold, m
′
, with respect
to H1 and H1, when
K = 30, r = 0.1, m = 10.
Figure 13: Change of carrying capacity, K
′
with respect
to H1 and H2, when K = 30, r = 0.1,
m = 10.
Statistical properties of ζ(t) and ψ(t), which represent
Gaussian white noise with zero mean, defined as:
〈ζ(t)〉 = 〈ψ(t)〉 = 0 (3.2a)
〈ζ(t)ζ(t′)〉 = 2Dδ(t− t′) (3.2b)
〈ψ(t)ψ(t′)〉 = 2αδ(t− t′) (3.2c)
〈ζ(t)ψ(t′)〉 = 2λ
√
Dαδ(t− t′) (3.2d)
Here, parameters D and α are the strength of the
noises ζ(t) and ψ(t) and the parameter λ is the degree
of correlation between ζ(t) and ψ(t). By using (3.1)
and (3.2) and by following the general procedure given
in [31], we arrive at a Fokker Planck equation:
7∂
∂t
P (x, t) =− ∂
∂x
[A(x)P (x, t)]
+
∂2
∂x2
[B(x)P (x, t)] (3.3)
A(x) =− r
K
x3 + r
(
1 +
m
K
)
x2 − (r +H)x
+Dx+ λ
√
Dα (3.4a)
B(x) = Dx2 + 2λ
√
Dαx+ α (3.4b)
Stationary solution of Fokker Planck equation ob-
tained by a simple conversion as follows:
Pst =
N
B(x)
exp
[∫ x A(x′)
B(x′)
dx′
]
(3.5)
Here, N is normalization constant. Using equations
(3.4) in (3.5), we find stationary probability distribu-
tion function Pst for 0 ≤ λ < 1 as follows:
Pst =
Neη√
Dx2 + 2λ
√
Dαx+ α
(3.6)
Where,
η =
1
2KD3
[
ϕ lnα+ 2arctan
(
λ
√
αD√
αD − λ2αD
)
γ + 2Drx
(
D(K +m) + 2λ
√
αD
)
ϕ
−D2rx2ϕ− ϕ ln
(
α+Dx2 + 2λx
√
αD
)
− 2 arctan
(
Dx+ λ
√
αD√
αD − λ2αD
)
γ
]
(3.7)
ϕ =
[
D(−αr +DK(H +mr)) + 2Dλ(K +m)r
√
αD + 4λ2rαD
]
(3.8)
γ =
(
αD2(K +m)r −Dλ (−3αr +DK(H +mr))√αD − 2Dλ2(K +m)rαD − 4λ3r(αD)3/2
)
√
αD − λ2αD (3.9)
Thus, for a population model under Allee effect, in
the presence of Gaussian white noise and in the pres-
ence of harvesting, the stationary probability distri-
bution function of the average size of population was
obtained from the solution of the Fokker-Planck equa-
tion.
First, we discuss the effects of additive and multi-
plicative noise for the case there is no harvesting. In
Fig. 14, change of stationary probability distribution
function (SPD) for different values of strength of mul-
tiplicative noise D given for population under strong
Allee effect, where other parameters are r = 0.01,
K = 30, m = 10, α = 0.5 and λ = 0.5. For small
values of the strength of multiplicative noise, when
population size is near the carrying capacity, SPD has
a one peak. In other words, for the very small values of
D, the population is likely to be around the carrying
capacity. With the increase of D, probability of popu-
lation to taking values farther away from the carrying
capacity gets bigger by the spread of SPD around car-
rying capacity. In further growing values of D, the
probability of the population to be near carrying ca-
pacity decreases and the probability to be at low pop-
ulation size values increases. Therefore, we say that
the high strength of multiplicative noise under strong
Allee effect will increase the chance of population to
extinct.
In Fig. 15 change of SPD for different values of the
strength of multiplicative noise for population under
weak Allee effect given. For that case, m = −10 and
other parameters are same as the previous case. For
very small values of multiplicative noise, we also see a
peak in carrying capacity but for that case probabil-
ity of population to be at carrying capacity is higher
compared to the strong Allee effect case. Increasing
the strength of multiplicative noise causes the SPD
to become more widespread around carrying capac-
ity. For large values of the strength of multiplicative
noise, population does not extinct and SPD gets wider
in shape.
In Fig. 16, where r = 0.001, K = 30, m = 10,
D = 0.001 and α = 0.5, change of SPD for different
8Figure 14: Pst as a function of x for different values of
D when r = 0.01, K = 30, m = 10, α = 0.5 and λ = 0.5
Figure 15: Pst as a function of x for different values of
D when r = 0.01, K = 30, m = −10, α = 0.5 and
λ = 0.5.
values of the degree of correlation between noises
given. In the presence correlation between noises, it is
seen in Fig. 16 that the probability of the population
size to be around the carrying capacity decreases and
as the degree of correlation increases the probability
of the population to be around 0 increases. In Fig. 17,
m = −10, but other parameters are the same as in the
previous case. It shows that the presence of correla-
tion between noises in the case of a weak Allee effect
reduces the likelihood of being around the carrying ca-
pacity of the population and increases the likelihood of
being around 0, similar to the case of a strong Allee ef-
fect. From this, we say that increasing degree of corre-
lation between noises increases tendency of population
Figure 16: Pst as a function of x for different values of λ
when r = 0.01, K = 30, m = 10, α = 0.5 and D = 0.001.
Figure 17: Pst as a function of x for different values of λ
when r = 0.01, K = 30, m = −10, α = 0.5 and
D = 0.001.
to extinct.
In Fig. 18, the increase of the strength of addi-
tive noise under strong Allee effect, with r = 0.001,
K = 30, m = 10, D = 0.001 and λ = 0.5, reduces the
likelihood that the population size will be around 0
and carrying capacity, causes SPD to have more flat-
tened shape. In addition to that, the reduction in the
likelihood of being around the carrying capacity of the
population is smaller compared to the reduction in the
probability of being at 0. In this case, we can say that
the increase in the strength of additive noise has a pos-
itive effect on the survival of the population in case of
strong Allee effect. In Fig. 19, m = −10 and other
parameters are taken same as the previous case. In the
9Figure 18: Pst as a function of x for different values of
α when r = 0.01, K = 30, m = 10, λ = 0.5
and D = 0.001.
Figure 19: Pst as a function of x for different values of
α when r = 0.01, K = 30, m = −10, λ = 0.5
and D = 0.001.
case of weak Allee effect, the increase in additive noise
strength decreases the probability of the population
size to be around the carrying capacity and increases
the probability of being around 0. We say that in the
case of the weak Allee effect, the increase in the in-
tensity of additive noise increases the tendency of the
population to extinct.
In Fig. 20, for parameters r = 0.01, K = 30,
m = 10, D = 0.001, λ = 0.5 and α = 0.5, and in
Fig. 21 for same parameters except that D = 0.005,
change of stationary probability distribution function
(SPD) for different values of H given for population
under strong Allee effect. In the deterministic model
Figure 20: Pst as a function of x for different values of
H when r = 0.01, K = 30, m = 10, D = 0.001, λ = 0.5
and α = 0.5.
Figure 21: Pst as a function of x for different values of
H when r = 0.01, K = 30, m = 10, D = 0.005, λ = 0.5
and α = 0.5.
we examined in Part II, it was discussed that the har-
vesting term has an effect that decreases the carry-
ing capacity and increases the Allee threshold in the
population under strong Allee effect. Figures 20 and
21 clearly show the change in carrying capacity. The
growing values of H cause a decrease in carrying ca-
pacity and a flattening of the SPD. Thus, for a pop-
ulation under a strong Allee effect, the effect of H is
that it decreases the probability of the population size
to be around the carrying capacity and increases the
probability of being close to zero. At the same time,
we see that the strength of multiplicative noise, D, be-
ing greater causes the change in H to have a stronger
10
effect.
Figures 22 and 23 show the effect of H in a
population under weak Allee effect for m = −10, with
the same parameters as the case of strong Allee effect
except m. In the case of small H, SPD shows bimodal
structure and in the case of biggerH, the shape of SPD
turns to unimodal. The second peak occurs at popu-
lation values close to zero. Bimodal structure of SPD
shows that population will extinct under a threshold
value.
Figure 22: Pst as a function of x for different values of
H when r = 0.01, K = 30, m = −10, D = 0.001, λ = 0.5
and α = 0.5.
Figure 23: Pst as a function of x for different values of
H when r = 0.01, K = 30, m = −10, D = 0.005, λ = 0.5
and α = 0.5.
IV. CONCLUSION
We discussed the effect of harvesting on a popula-
tion model under Allee effect. We made a detailed
examination of the effect of harvesting by writing a
cubic deterministic model under weak or strong Allee
effect according to the size of the parameters. When
the harvesting is represented by a constant in the
form H(x) = H, a population under weak Allee ef-
fect immediately starts to show strong Allee effect.
As the harvesting term increases, the value of the
Allee threshold increases, while the carrying capac-
ity of the population decreases. In the deterministic
model we made a similar analysis for the case where
harvesting is represented by a function in the form of
H(x) = H1x
2 + H2x. We discussed weak and strong
Allee effect transitions, carrying capacity and Allee
threshold change according to the change of harvest-
ing function.
We developed a stochastic description of the cubic
model. We obtained the Fokker Planck equation from
a Langevin equation subject to Gaussian white noise
with zero mean. Thus, we calculated the stationary
probability distribution of population size in the pres-
ence of harvesting and Gaussian white noise for a pop-
ulation under Allee effect. According to different val-
ues of multiplicative noise strength, D, additive noise
strength, α, and degree of correlation between noises,
λ, we discussed the effect of harvesting on popula-
tion model. We conclude that for a population under
strong Allee effect, H reduces the likelihood of pop-
ulation size to be around the carrying capacity and
increases the likelihood of being close to zero. We
have found that growth of the strength of multiplica-
tive noise, D, causes the change H to have a stronger
effect.
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